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Abstract-The equivalent permittivity tensor for a medium which consists of 
any number of parallel layers of arbitrary anisotropic homogeneous materials 
is calculated in the long wavelength limit. The formal results of the calcula- 
tion are shown to be identical with the previous results obtained for the special 
case in which the system has a periodic structure. If the principal axes of the 
permittivity tensor in each successive layer have the same orientation, the 
expressions for the principal values of the equivalent permittivity tensor are 
similar to those for a number of capacitors in series or in parallel. 

1. Introduction 
To investigate the form birefringence of some smectic liquid 
crystals, we recently calculated the effective dielectric tensor (in the 
long wavelength limit) of a stratified medium.(') This medium was 
defined to be a periodic arrangement of parallel layers of thin 
homogeneous anisotropic materials. The purpose of this paper is to  
generalize the work of Ref. 1 ; i.e. to calculate, in the long wavelength 
limit, the equivalent permittivity tensor for a stratified medium of 
finite thickness consisting of any number of parallel layers of arbitrary 
anisotropic homogeneous materials which do not have periodic 
arrangement of layers. (2) 

2. Calculation 
In the present calculation, we are interested only in the electric 

properties of a medium which consists of any number ( I )  of parallel 
t Research supported in part by a 1971 Kent State University Summer 

Research Fellowship. 
Work performed at the Aspen Center for Physics. 
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layers of arbitrary anisotropic homogeneous materials of permittivity 
tensor df) and thickness ti (i = 1, 2, . . . , I) & shown in Fig. 1. In 
order to simplify the calculation, we assume that the magnetic 
permeability tensors, p(d), are set equal to unity and the field in a 
layer does not vary appreciably over the layer (i.e. the long wave- 
length approximation). 

I 

I 
I I I 

I I 

Figure A stratified medium which consista of 1 parallel layers a- Jrbitrary 
anisotropic homogeneous materials of permittivity tensor ~ ( 0  and thickness 
ti (i = 1,2, . . . ,Z). n is the unit vector normal to the interface. 

Let us denote the electric field and displacement vectors in the i-th 
layer by Ed and Df. In  the long wavelength approximation, then, 
the average electric field E and the average electric displacement D 
over the entire medium is given by 
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E Q U I V A L E N T  PERMITTIVITY TENSOR 

and 

where 

and 
1 

j=1 
fi = t,/( C t,). 

The boundary conditions@) which the fields must satisfy are 

and 

From Eqs. (3) and ( 6 ) ,  it follows that 

where 

1 n x (Ei-l -E,) = 0, 

n - (Di-l - D,) = 0. 

Ei = arEt-1 

a, = 1 + qlm(c( i -1)  - E @ ) }  

and 
e, = n. E ( i )  - n. 

Here the expression nn denotes the dyadic of the unit normal vector 
n. Equations. (6) are simple recurrence relations which indicate that 
E, can be expressed in terms of Eo which is the electric field outside 
the medium; i.e. 

where 
Ei = AiEo, (8) 

(9) 

(10) 

E = ( Cf*A*)Eo. (11) 

At = aiai-1. . . aaa1. 

Ad = 1 +e;*nn(e@) - c(i)). 

Some straightforward algebra gives 

Substituting Eq. (8) into Eq. (1) one has 
1 

i=1 

With the help of Eqs. (3) and (S), Eq. (2) can be written 
1 

i=1 
D = ( C f,c(i)Ad)E,, (12) 
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330 MOLECULAR ORYSTALS AND LIQUID CRYSTALS 

Let us now define the equivalent permittivity tensor Q of the 

D = EE. (13) 

Substituting Eqs. (1 1) and (12) into Eq. (13) and noting that the ex- 
ternal electric field E, can be chosen arbitrarily, we obtain 

medium by the equation 

1 1 

(-1 J-1 
Q = { Cf*C("&}{ Cf,4}-'. (14) 

Some straightforward but tedious algebra gives rise to : 

A further manipulation yields : 

Equation (16) is identical to the expression for the effective permit- 
tivity tensor for a periodic stratified medium.(l) 

8. Discussion 
It is interesting to note that the expresion for E in Eq. (16) has 

exactly the same form as the effective permittivity tensor for a 
periodic stratified medium that consists of an unlimited number of 1 
alternate plane layers of arbitrary anisotropic homogeneous 
materials.(1) The reason why the two expressions are the same is 
that the medium with periodicity is considered to be made up of an 
unlimited number of identical layers of the equivalent permittivity 
tensor E, each of which consists of a given number of parallel layers of 
arbitrary anisotropic homogeneous materials. In  fact, one can 
easily show that the permittivity tensor for an infinite stratified 
medium with a periodic structure can be obtained from Eq. (15). 
That is because the medium has a periodic arrangement, we set 

1 = mn, (17) 

where m is an integer which eventually may be allowed to approach 
infinity and n is the number of layers consisting of Merent  materials. 
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However, we still retain the long wavelength approximation; i.e. 
the thickness of each of the n-layers is much less than the wavelength 
of light. The f i 's  in Eq. (15) now become 

where 
n 

j=l 
gi = ti/( C ti). (19) 

Substituting Eqs. (17) and (18) into Eq. (15) and noting the cancel- 
ation of m because of 

1 n 1 n 

i = l  i=l j.k-1 j,k = 1 
C . . . = m C . . . and C . . . =ma C . . ., 

we have 

The E given in Eq. (20) can be reduced to the same form as the 
expression given in Eq. (16). 

As pointed out in the previous paper of Ref. 1, if the principal axes 
of the tensor in each layer have the same orientation and, further, 
one of the principal axes is chosen to be parallel to the unit vector n 
(the z-axis) perpendicular to the interface, then the equivalent 
permittivity tensor E takes a very simple form 

. From the pedagogical point of view, it is very interesting to 
observe the expression for E given by Eq. (21) by the following 
analogy: The expression for the principal values of in the 2- and 
y-directions which are parallel to the interface are very similar to 
those for a given number of capacitors connected in parallel. The 
expression for the principal value of c in the z-direction, which is 
perpendicular to the interface, is also very similar to that for a given 
number of capacitors connected in series. 
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